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Abstract Let f : X → Y be a continuous and surjective map. f is a sequence-covering
map if whenever {yn} is a convergent sequence in Y there is a convergent sequence {xn}
in X with each xn ∈ f−1(yn). f is a 1-sequence-covering map if for each y ∈ Y , there
is x ∈ f−1(y) such that whenever {yn} is a sequence converging to y in Y there is a
sequence {xn} converging to x in X with each xn ∈ f−1(yn). In this paper the structure
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of sequence-covering and closed maps of metric spaces is investigated, a problem posed
by “Topology and its Applications” is negatively answered.
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���e��m��EM��	UU�����Me�
����E��w�����D��E��������qM��� Hanai-Morita-Stone 	
� (ok [1])

lZ G X M����m� f : X → Y M��E��qT�pu��l� (1) Y M��
��m� (2) Y M���U�m� (3) ��� y ∈ Y , ∂f−1(y) M X �v�d�

������v�E�i����E��������M��Ei���������k
G�����E�n��I���K����������E�������N����E�
���Zj�P�  “!�” ��� ����!"g"#Z#O!"#$bc�F$�!%
1935 % Eilenberg [2] $&&$qT���G f : X → Y M��E�'' X X Y %Mv�
��m�(� f M��E��w��R% Y '  {yn} P��& y, �%'�m 2X '  
{f−1(yn)}P��& f−1(y) (ok [3]�	� 13.5). Nadler��F [3] (& Eilenberg�	�)(
$��c�
tsK� 1971 % Siwiec [4] )P�  � “!�” *)$  AE�E�+T$
���U�mC���EM  AE�E�y*�,*(&����mC�  AE�E���
�E��x+V����,�-�"+g"#O-�./����k�./0�M)  AE�
EqLy����m��E	��f  AE���E���������sR�#/�0D(
s%1I,2��MdP$i�����E�������z-sR�.M/	0�1$k [5]
'�l/����U cs f3� Fréchet �mM/M�
���m�  AE���w21M�
��&&���mC�  AE�E��3�g 1   AE�E�J4���

Ok G�E f : X → Y .
(1) f 3g  AE�E [4], 5 {yn} M Y '�P�  ��4% X '�P�  {xn},

K��� xn ∈ f−1(yn).
(2) f 3g 1   AE�E [6], 5���� y ∈ Y 4% x ∈ f−1(y) 	B��R Y '�  

{yn} P��& y, �4% X 'P��& x �  {xn}, K��� xn ∈ f−1(yn).
r6� 1   AE�EM  AE�E� ���mC���EM 1   AE�E [4]. 7

851-2��6	3� Siwiec 23q�  AE�E�b�k [7] 	3�  AE�E�
Gruenhage-Michael-Tanak [7] 23q�  AE�E	3�q�3 f : X → Y M  AE�
E5�� Y '���Tct&�P�  S 4% X �v�d L, K� f(L) = S.

%&&  AE���E�������94�5gID:XhW�G X M�I�m�
3 X M Fréchet �m��R x ∈ P ⊂ X, �4% P '�  P��& x; 5 X '�  
{xn} P��& x � P ⊂ X, 3 {xn} M6� P � (eventually P ), �R4% m ∈ N K�
{x} ∪ {xn : n ≥ m} ⊂ P ; 3 P g X '�& x �  ;7�5 X '�  {xn} P��
& x, � {xn} M6� P ��G P M�m X ��dC�3 P M87�8����5����
H(P ) ⊂ P , � ∪{H(P ) : P ∈ P} = ∪{H(P ) : P ∈ P}. 5 P M�m X �AE� x ∈ X, h
(P)x = {P ∈ P : x ∈ P}, st(x,P) = ∪(P)x. �ki	3�S9ok [1]. :;&� (1) 5 X M
Fréchet �m� x ∈ X, � x % X '�  ;7M x % X '�;7� (2) 5 P M�m X �8
7�8��dC� f : X → Y M��E�� {f(P ) : P ∈ P} M�m Y �87�8��dC�

OZ 1   AE���E�������
p< G X M����m� f : X → Y M  AE���E�g&& Y M����m�
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�*��@A&& Y M���U�m��� X M����m�4% X �@C�t��AE 
{Rn} 	B [1]:

(1.1)��Rn+1MRn�zkp�f��� R ∈ Rn+1,4% Q ∈ Rn,K� st(R,Rn+1) ⊂ Q.
(1.2) {Rn} M X �A���B� t0 ∈ Y , 5 Y '�4%LHM�  P��& t0, �� Y

M Fréchet �m�� t0 M Y �LJ&�S ,M Y ����U&�s%G t0 M Y '�X�L
HMP�  �ct&�Y	 Y '���ub&D+�  {tj} P�� t0. ��� n ∈ N, K
Pn = {f(R) : R ∈ Rn � {tj}M6�f(R)�} = {Pα : α ∈ Γn}. �� f M��E� Rn % X '
M@C�t��Z) Pn M Y �87�8��dC�

(1.3) Pn M�t��5 Pn Mnt���4% {tj} ��  {tjk
} X Pn �nt�C {Pk :

k ∈ N}, K��� tjk
∈ Pk, �� {Pk : k ∈ N} M87�8����Z) {tjk

: k ∈ N} M Y ��

A��m���\YX& Pn M�t��

(1.4) 4% R ∈ Rn, K� f(R) M t0 % Y '�  ;7�� f(R) 'B�P�� t0 �
  K, 4% R '�P�  L � f(L) = K. ��� α ∈ Γn, Pα �1�M t0 �  ;
7��1M t0 �  ;7�5 (1.4) �+J��4% Y '�P�� t0 �  Kα, K��1
(Kα \ {t0}) ∩ Pα = ∅, �1 Kα ⊂ Pα �� Rn 'B�K� f(R) = Pα �W R, R '�4%P�
  Lα 	B f(Lα) = Kα. ^ Kn = (

⋃
α∈Γn

Kα) ∪ {tj : j ∈ N}, � Γn ��t�� Kn M Y '
P�� t0 �  �[g f M  AE�E�4% X '�P�  Ln, K� f(Ln) = Kn, S 
4% R ∈ Rn, K� Ln M6� R ���M� α ∈ Γn, K� f(R) = Pα, �H (Kα \{t0})∩Pα �= ∅
�4% R '�P�  L � f(L) = Kα, ��\YX& (1.4) +J�

G {f(Rk) : k ∈ N}M�CZZ�� t0 �  ;7C�[g Y M Fréchet �m��� f(Rk)
M t0 % Y '�;7� �

(1.5) {f(Rk) : k ∈ N} M t0 % Y '�;7�[g  {tj} M6��� f(Rk) ���
(1.4), 4%  {tj} ��  {tjk

}, K��� Rk ∩ f−1(tjk
) �= ∅, Y ak ∈ Rk ∩ f−1(tjk

), ��
� f M��E�  {ak} % X '�[&��M,4%P�� X 'X& a ��  {aki}, �
H a ∈ f−1(t0). G V M t0 % Y '�;7�� f−1(V ) M a % X '�;7�� (1.2), 4%
m ∈ N, K� st(a,Rm) ⊂ f−1(V ), [g  {aki} P�� a, 4%\6U i > m X R′ ∈ Rm+1,
K� aki ∈ st(a,Rm+1) � Rki ⊂ R′. G aki ∈ R′′ ∈ (Rm+1)a, � (1.1), R′ ∪ R′′ ⊂ st(a,Rm), �
X& Rki ⊂ f−1(V ), [� t0 ∈ f(Rki) ⊂ V , M (1.5) +J�

���o� Y %& t0 M���U��[� Y M���U�m�M Y M����m�
s 2   B Sω ��qT��� Sω �M���m� Sω M�
���m���w� Sω

M�
���m�  AE�w [8]; Sω M���U cs f3� Fréchet �m�
�	� 1, Sω �M���m�  AE���w�Z)k [5] 7]�qTl/��1M/	

�����U cs f3� Fréchet �mM/M�
���m�  AE���w2
�k��.C
��]^�  AE�EM 1   AE�E�k [5] &&$���mC�

  AE�v�EM 1   AE�E���  AE���E�aY�sR�
OZ 3 G f : X → Y M  AE���E��R X M����m�� f M 1   AE

�E�
p< �B� t0 ∈ Y , �^G t0 M Y '�X�LHMP�  �ct&�Y	 Y '��

�ub&D+�  {tj} P�� t0. [g X M����m�4% X �@C�t��AE 
{Rn} 	B [1]:

(3.1) �� Rn+1 M Rn �zkp�
(3.2) {Rn} M X �A����� n ∈ N, K Pn = {f(R) : R ∈ Rn}. �	� 1 � (1.4) ��
(3.3) 4% R ∈ Rn, K� f(R) M t0 % Y '�  ;7�� f(R) 'B�P�� t0 �  

K, 4% R '�P�  L � f(L) = K. K Un = {p ∈ X :���R ∈ (Rn)p, f(R) �M t0 %
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Y '�  ;7 }, (�
(3.4)�R x ∈ Un, � ∩(Rn+1)x ⊂ Un+1. 5�6�4%& p ∈ ∩(Rn+1)x \Un+1, � Un+1 �

	3��X� R ∈ (Rn+1)p, f(R)M t0 % Y '�  ;7�YX� R1 ∈ (Rn+1)x,� p ∈ R∩R1,
�M� (3.1), �X� R2 ∈ Rn, � R ∪ R1 ⊂ R2. [�� R2 ∈ (Rn)x � f(R2) M t0 % Y '�
  ;7�M x �∈ Un. \Y�

(3.5) ∂f−1(t0) �⊂ ⋃
n∈N

Un. /�� ∂f−1(t0) ⊂ ⋃
n∈N

Un. � (3.4), ��� n ∈ N, Un ⊂⋃
x∈Un

∩(Rn+1)x ⊂ Un+1. S*�e	� 1, ∂f−1(t0) M X �v�d� ∩(Rn+1)x M X ��

�d�Z)�X� m ∈ N � ∂f−1(t0) ⊂ Um. � (3.3), 4% R ∈ Rm, K� f(R) M t0 % Y '
�  ;7�4% k ∈ N X R '�P�  L, � f(L) = {tj : j ≥ k}. G L % X 'P�� l,
� l ∈ ∂f−1(t0) ∩ R ⊂ X \ Um. \Y�

s%�N	& x0 ∈ ∂f−1(t0) \
⋃

n∈N
Un, �

(3.6) �R% Y '  {yi} P�� t0, (���� i ∈ N � xi ∈ f−1(yi), K�% X ' 
 {xi} P�� x0. ��� n ∈ N, � x0 �∈ Un, 4% Rn ∈ (Rn)x0 , K� f(Rn) M t0 % Y '
�  ;7�(��X� in ∈ N � i ≥ in H�� yi ∈ f(Rn), S Rn ∩ f−1(yi) �= ∅. �^G
1 < in < in+1. ��� j ∈ N, _Y

xj ∈
{

f−1(yj), 5 j < i1,

f−1(yj) ∩ Rn, 5 in ≤ j < in+1, n ∈ N,

� xj ∈ f−1(yj), � (3.2) % X '  {xj} P�� x0.
ACZT� f M 1   AE�E�q2`1Im�X&m#�sRMLHM��
e 1 �
���mC�  AE�h��Ei�M 1   AE�E��k [8] ��  B

Sω M�
���m�  AE�w�4%�
���m X X  AE�E f : X → Sω. [g
Sω M Fréchet �m� f Mh��E�g[g Sω �M���U�m�Z) f �M 1   AE�
E [6].

e 2 ���mC��v�Ei�M  AE�E�G X = ({0}∪{1/2n : n ∈ N})⊕ ({0}∪
{1/2n − 1 : n ∈ N}), Y = {0} ∪ {1/n : n ∈ N}. X,Y %C{JU���me��} f : X → Y

Mr6�E�� f M�v�E�� f �M  AE�E�
e 3 ���mC�  AE���Ei�M��E�G X = ({0} ∪ {1/n : n ∈ N}) ⊕

({0}∪{1/2n : n ∈ N}), Y = {0}∪{1/n : n ∈ N}. X,Y %C{JU���me��} f : X → Y

Mr6�E�� f M  AE���E��,�M��E�
EYX&�aS	� 1 �&&�Z����m�E�x�~Oo�G�E f : X → Y , 3 f

MgZ��E�5���� y ∈ Y 4% x ∈ f−1(y) 	B��R U M x % X '�;7�� f(U)
M y % Y '�;7��	� 1 ' (1.5) �&&��5 f : X → Y M  AE���E�'' X

M���m���� Y ���LLJ& t0, 4% a ∈ f−1(t0) e a % X '�;7 {Rn}n∈N,
K� {f(Rn)}n∈N M t0 % Y '�;7���� f MgZ��E�f���mC�  AE�
�EMgZ��E�
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