
J�Æ���H
22A:6(2001),707-714.

l� D. Burken E. Michaele�jgs ***

��*� ���**

x���

�m7T Burke-Michael ],�#aM�]�H�drdSw+ cs� g� wcs� gFzt�QR
K�;d 1996 �l3� Y. Tanaka 7 Topology Proceedings *W0FvHoY
%C% � O%{
k gF k S' X $�%�XS'a�) S! , ~r X ;g; gf MJS'

kod NLIim� cs� f� wcs� f� S!, gf LIR&

MR (2000) 
yiq 54E99, 54D55

	zhiq O189.1 |~bwv A

|�am 1000-8314(2001)06-0707-08

e
R& X EW�\ P +iNLIE�"~ X Et�NEWE( P ILIp.�

B$NLI�ER&:N�E{�TbR&W [1;2]. RE�Ld{�6:"uE Burke-

Michael \+ [3]: X $NLIim P , 5D"~U( X E��G� U � x 2 U , 86 P

E$zW� F $

x 2 ([F)0 � [F � U � x 2 \F ;

�"NB�6(_TcNLIimIE.N:R&IG�E����i=L��6<W

I�G�5:3�E ,u�:#�.E�? ,E]Z���i:1YR&ysE�

�tB� 1969 � Filippov[4] _���j4Ev8@yc \LIK( s  ,�.B$N

LI�ER&". 1972 � Burke � Michael[5] ��i�L]63!�J@yc \LIK(

s  ,�.B$NLI�ER&". �>'*N�B16( Burke � Michael 6S)GE

NLIim�G�DcNLI�R&E�pG%N��[!NLI�R&6LIK( s

 ,uE�R&B$=LENLIim�GDBc Filippov QYE"uE@y��<Q

*BE<�V/�E��e
R`Iy( Filippov QYE@yq�#:�G Burke �

Michael E]Z�=L!�QENLIimVN�{�TbR&W�;X�@Rve
�

GE]Z�,i<�VN�e
E�1]�B��qn:64b?PEOXÆ:6�

�0)��E�@]�)�"TbnX� CW j�E{�Tb\+�e
�E�Wc

5��IR&e
G]x�FL;B<@E�!�

�m 2000 � 6 2 12  ?C� 2000 � 11 2 3  ?C	ko�

�h-1\=ÆJÆt�hQ 350007. E-mail: linshou@public.ndptt.fj.cn

��Æ�=ÆJÆt�	b 230039.

� � �}"Z�KÆ�8 (No. 19971048) �h-/Z�KÆ�8 (No. F00010) VTF~|�



708 J�Æ���H 22 D A �

O� Burke-Michael \+_HcUR&INLIimI.NG�\+E���?6

Un ,QY3�$�+cR&I<@E&L�LI\+��9B Burke-Michael \+

I$z!EGh-�G�:$U�E�"k2* Y. Tanaka[6] V/nX	$B$ � N$

z k fE k R& X #�$�WR&`�( S!; }q X :f: gf LIR&�pvU�

B Burke-Michael \+IE�\�G*k2� Tanaka nXIE�\�G \k f" S3�

c \wcs� f" =��\�G��lD6!�=]xETP�=c[!s��E \
eh

-" V>[ Burke-Michael \+IE \Gh-" \+��Dc=L�\+*<�V�Dy

UE wcs� fB&E>�^s�`36S Nogura� Shibakov[7] EA&?9�Æ)&c

R&U?9cX�E���.��Q�DE6NLIim]�)y(&�� csf� k f

� cs� fGE��N�4~b�B wcs� f)�DBck2� Tanaka nXE�p?x�

:�

w�;�pl�*����lQnR&S:o[ T2 cX�uYEe
R&� � �

7R& X Ee
�N �7Y�I��U(�� X EW�\ P ; � P<! = fF � P : F :

$zE g; jQ�EF,L(Ily [8].

f� 1[9] . X :�pR&�

(1) U( P � X; $ X IE
e fxng >_( x; + fxng :K( P E�"~86

m 2 N , 5D fxg [ fxn : n � mg � P ; P +i X IEN x E
eh-�$ X IE
e

fxng >_( x; 9 fxng :K( P E� P +i X E
eG��$ P : P It�NE


eh-�

(2) X +i
eR&�$ X Et�
eG�: X EG��X +i k R&�$ A � X ,

5DU( X Et�9W� K $ K \A : K E�W��9 A : X E�W��

t�e
R& (X; �) LN�Q��e
 �� : O 2 �� @�:@ O : (X; �) E
eG

��R& (X; �� ) +iR& (X; �) E
e��e
R&�(�i �X
[10]. x�� �X :


eR&� X � �X $|`E>_
e�U(R& X EW�\ F ; j ints(F) = fx : [F

:N x 6 X IE
eh- g: U( A � X; X EW�\ F +i A E
eh-�"~

A � ints([F); � [F : A It�N6 X IE
eh-� F +i A E��
eh-�

$ F : A E
eh-��U(t� F 2 F ;

A 6� ints([(FnfFg)):

ux`pQ��/c* Burke-Michael \+|yE�p�\�G��I\+ (A) �

(B) :6l [11] IQ�E�

f� 2[8;11] . P :R& X Eim�

(1) P +i X E k f�$U( X IEtp9W� K � X I�� K EG� V , 8

6 P
0
2 P

<!, 5D K � [P
0
� V:

(2) P +i X E cs f�$ X IE
e fxng >_(N x � V : x 6 X IEh-�

986 P 2 P , 5D
e fxng :K( P E� P � V:

(3) P +i X E cs� f�$ X IE
e fxng >_(N x � V : x 6 X IEh

-�986 P 2 P ; 5D
e fxng E{W
e:K( P E� P � V:

(4) P : X E wcs� f�"~ fxng : X I>_( x E
e� x 2 U 2 �; 986



6 � gB���a��z) D. Burke � E. Michael F�qRZ 709

P 2 P � fxng EW
e fxnig, 5D

fxni : i 2 Ng � P � U:

(5) + P B$ (A), "~ x 2 U 2 �; 986 F 2 P
<!, 5D

x 2 ints([F) � [F � U:

(6) + P B$ (B), "~ x 2 U 2 �; 986 F 2 P<!, 5D

x 2 ints([F) � [F � U; � x 2 \F :

f� 3[12] .R& X EW�\ P = [fPx : x 2 Xg o[	U( x 2 X;Px : x 6 X

IEf�� Px � (P)x �$ x 2 G 2 �; 86 P 2 Px, 5D P � G; !�"~ U; V 2 Px, }

q86 W 2 Px, 5D W � U \ V:

(1) P +i X E
eh-f�$t� Px E.: x 6 X IE
eh-�

(2) P +i X E&��$ G � X , 5DU( x 2 G 86 P 2 Px; $ P � G; }q G

: X EG��

)G Px c +i x 6 X IE
eh-f ((�i sn f), &� (�&h-�). $R

& X Et�NS$LIE sn f (&�), 9+ X : snf LI (gf LI) R&�

U(R& X �N x 2 X: + X EW� F :R& X(6N x) E'�"~

F = fxg [ fxnm : n;m 2 Ng;

�IU(t� n 2 N; 
e fxnmg >_(N x � x � xnm Er}:``�#|`�. F

: X E'� F EW� D +i F EU1�"~ D : F E>_
e� D *qzWpy

( n E
e fxnmg |0�R& X +i �4 R&
[13;14], "~U( x 2 X; X Et�6 x E

'$U1>_( x:

S!(S!1) :�LI (!1) p`	[E>_
eEe
�IE`w]N^,�NQ,E

(R&� S! :s$U1E'���@�U(R& X Eim�

&� ) snf ) (B) ) (A)

+ + +

csf ) cs �f ) wcs �f ( kf:

RvB&E��#3�ys6U 1 �\ 1 ILy�X X :L�LIR& ) X : gf L

IR& ) X : snf LIR& ) X : �4 R& , �X : �4 R& ) �X #�$�WR&

`�( S! ) X #�$�WR&`�( S!:

�lEL�&c.Ly)GimE;�%ys�w�!�p*RzE Mi�s�cenko�Y
[15] WME$�4~�

�r 1[11] "~ P :R& X ENLIim�}q X Et�W�:$EWLIp#

P E.^,E��$zE
eh-�

uGQYLyc`i Burke-Michael\+��E\+ (A)*\+ (B), cs�f�wcs�

fB&E>�ys�

fr 1 U(R& X; ImuG\+	

(1) X $NLIimo[ (B).

(2) X :B$NLI cs� fE �4 R&�

(3) X :B$NLI wcs� fE �4 R&�



710 J�Æ���H 22 D A �

(4) X $NLIimo[ (A).

}q (1)) (2), (3), (4): $s. X :?9R&�}q (4)) (1):

� (1)) (2)) (3) :x�E�

(3)) (4) .R& X : �4 R&�� P : X ENLIE wcs� f�$ P #B$ (A),

9U({� x 2 U 2 � #86 F 2 P<!, 5D x 2 ints([F) � [F � U: U( U Et�L

IW� C; �

P(C) = fP 2 P : P \ C 6= ;; P � Ug = fPi(C) : i 2 Ng; C0 = fxg;

}q P1(C0) #: x 6 X IE
eh-�86 UnP1(C0) I>_(N x E
e fx1ng: �

C1 = fx1n : n 2 Ng; �i P : X E wcs� f�86 n1 2 N � C1 EqzW� C
0
1, 5D

C
0
1 � [fPi(Cj) : 1 � i � n1; 0 � j � 1g:

#2����L�. C
0
1 = C1; }q [fPi(Cj) : 1 � i � n1; 0 � j � 1g #: x 6 X IE


eh-�!�)GE�-�U(t� m 2 N;L�|�J�� Cm = fxnm : n 2 Ng � U

�M:E
e fnmg, 5D
e fxnmgn >_( x �

Cm � [fPi(Cj) : 1 � i � nm; 1 � j � mgn [ fPi(Cj) : 1 � i � nm�1; 0 � j � m� 1g:

=Lyt� P 2 P :*$zp Cm |0�� S = fxg [ ([fCm : m 2 Ng); 9 S : X 6 x

E'��i X : �4 R&� S $U1>_( x; 7X86 P 2 P , 5D P � U � P *q

zp Cm |0�pV�x P $ (A), Q� X $NLIimo[ (A).

(2)) (1) .R& X :B$NLI cs� fE �4 R&�� P : X ENLI cs� f�

U(t� x 2 U 2 �; F Rx = f[P 0
x
: P 0

x
2 (P)<!

x
� [P 0

x
: x 6 X IE
eh- g. 9

Rx :LIE�"~ Rx #: x 6 X IEf�}q86 X EGW� G, 5D x 2 G �U

(t� F 2 Rx $ F 6� G: �

fP 2 (P)x : P � Gg = fPi : i 2 Ng; Fn = [fPi : i � ng; n 2 N:

9t� Fn #: x 6 X IE
eh-��i (P)x : x 6 X IE cs� f�U(t�

i 2 N; 86 X I>_( x E
e Ti � ni 2 N , 5D Ti � Pni+1nFni � ni+1 > ni: F

T = fxg [ ([fTi : i 2 Ng): }q T : x 6 X E'��i X : �4 R&� T $U1 fxkg

>_( x; (:86 i 2 N , 5D Pi �$ fxkg EW
e fxkmg; 7X86 m; j 2 N , 5D

j � i � xkm 2 Tj ; �5� xkm 2 Pi \ (XnFnj ) = ;; pV�x Rx I.E$z0E�Z:

x 6 X IELI sn f�7X�86 F 2 P
<!
; 5D

x 2 ints([F) � [F � U; � x 2 \F :

�5� P o[\+ (B).

(4)) (1) . X :?9R&� P : X Eo[ (A)ENLIim�U(t� F 2 P<!
;

F M(F) = fx 2 X : F : fxg E��
eh- g: U(t� P 2 P : �

P
0 = P [ ([fM(F) : F 2 P

<!
; P 2 Fg):

}q P
0 � cl(P ): 94)�U(t� x 2 M(F) � P 2 F $ x 2 ints([F); X x =2

ints([(FnfPg)); (:86 P I>_(N x E
e��5 x 2 cl(P ); Q� P
0 � cl(P ): �

P 0 = fP 0 : P 2 Pg: U(t� x 2 X; F Ax = [fF 2 P<! : x 2 M(F)g; #�Y 1, :U

EWLIp F 2 P<! $ x 2 M(F); Q� Ax :LIE��i x 2 P
0 @�:@ x 2 P; �



6 � gB���a��z) D. Burke � E. Michael F�qRZ 711

x 2M(F) � P 2 F ; (: P 2 Ax; x P 0 :NLIE�U(t� x 2W 2 �; #( X E?

9��86 U 2 �; 5D x 2 U � cl(U) �W: �� F0 2 P
<!, 5D

x 2 ints([F0) � [F0 � U:

#^. x 2M(F0), � F 0
0 = fP 0 : P 2 F0g, }qU(t� P

0 2 F 0
0 $ x 2 P 0

: i�]x�

x 2 ints([F
0
0) � [F

0
0 � cl([F 0

0) � cl(U) �W:

Q� P
0 o[ (B).

(4)) (3) .R& (X; �) $NLIim P o[ (A), x�� (A) 3� wcs� f�U(

�� x0 2 X; 6 X )`�e
 �
� "u	U( x 6= x0; fxg 2 �

�, N x0 Eh-��i/e


 � 6 X IEh-��}q �
� :?9R&�� P

� = P [ ffxg : x 2 Xg; 9 P
� 6R&

(X; ��) :NLIim�o[ (A). 94)�. x 2 U 2 ��, $ x 6= x0; 9

fxg 2 P
�
� x 2 int��(fxg) = fxg � U:

$ x = x0; 986 P
0
2 P

<!, 5D x 2 int� ([P
0) � [P

0
� U: �i [P

0 : x 6 (X; �) I

E
eh-�(: [P
0 : (X; ��) E
eG��Q�

x 2 int��([P
0) = [P

0
� U;

x P� $�G (A). # (4)) (1)A� (X; ��) B$NLIimo[ (B), Q� (X; ��) : snf

LIR&�x (X; �) 6 x0 : snf LIR&��5� (X; �) : �4 R&�

l [11] :6?9R&E$.\+u@yQY 1 Er\+:|�G%E�65*Ic

5cRvB&Eys�
xEU 1 .LyQY 1 IE?9�:�#L+E��lELY

&c[!QY 1 5Ek2� Tanaka EnX�#Q� 3, ��@

�r 2 $ P :
eR& X E sn f�9 P : X E&��

fr 2 .R& X B$NLI wcs� f�}q"~ �X #�$�WR&`�( S!; 9

�X : gf LIR&�

� � P :R& X ENLI wcs� f�. �X #�$�WR&`�( S!:

@w�@y X : �4 R&�$ X #: �4 R&�986 X IEN x � X I6 x E

' F , 5D F s$U1>_( x: F

F = fxg [ fxnm : n;m 2 Ng;

R = fP 2 P : P \ fxnm : n;m 2 Ng 6= ;; x =2 cl(P )g

= fPk : k 2 Ng:

U(t� n 2 N 86 mn 2 N; 5D

fxnm : m � mng � Xn

[

k�n

cl(Pk):

� T = fxg [ fxnm : n 2 N;m � mng: 9 T : x 6 X IE'�s$U1>_( x: "

~86 T IE
e fxnimi
g >_( x

0
6= x: #^. ni+1 > ni; }q86 P 2 R; 5D

P \ fxnimi
: i 2 Ng :qzE�=* mn E��� T Ev8|pV��5 �T : �X E

�WR&�`�( S!; pV�x X : �4 R&�

�6�@y X : snf LIR&�U(�� x0 2 X; 6 X )`�e
 �
� "u	U(

x 6= x0; fxg 2 �
�
; N x0 Eh-��i/e
 � 6 X IEh-��}q �

� :?9R&�



712 J�Æ���H 22 D A �

B$NLIE wcs� f P [ ffxg : x 2 Xg: �� : �4 R&�. x 2 X � F : �
� 6 x E

'�}q x = x0. #( � * �
� 6N x0 $|`E>_
e�(: F 6 �

� I$U1>_

( x; x �
� : �4 R&�#QY 1, �� B$NLIimo[\+ (B), (: �

� 6N x0 B$

LIE sn f�7X � 6N x0 �B$LIE sn f�x X : snf LIR&�

_
�@y �X : gf LIR&�U(t� x 2 X; . fRng : X 6N x EM)E

sn f�x��t� Rn : �X 6 x E
eh-�$ G : X IN x E
eh-�"~t

� Rn 6� G; 986
e frng, 5Dt� rn 2 RnnG; (: frng 6 X I>_(N x, 7X

frng :K( G E�pV��5�86 n 2 N; 5D Rn � G: =Ly fRng : �X 6 x E

sn f�Q� �X : snf LIE
eR&�#�Y 3, �X : gf LIR&�

l [12] :6 k fE\+u@yQY 2 E�[!QY 2, QY 1 IE �4 R&\+L)

&i\+	 �X #�$�WR&`�( S!; �L#i\+	 �X : gf LIR&�

{u 1 (1) . X :B$NLI wcs� fE
eR&�}q X : gf LIR&@�:

@ X #�$�WR&`�( S!:

(2) . X :B$ � N$z k fE k R&�$ X #�$�WR&`�( S!, }q X

: gf LIR&�

(3) R& X B$NLIE sn f@�:@ X B$NLI cs f� �X #�$�WR

&`�( S!:

� (1) VYQY 2. . X :B$ � N$z k fE k R&�(: X :B$NLI k

fE k R&�#l [16,dn 3.4]A�X :
eR&�$ X #�$�WR&`�( S!, 5

# (1) A X : gf LIR&�Q� (2) ,]�h@ (3) ,]�.R& X B$NLI cs f

� �X #�$�WR&`�( S!: #QY 2, �X : gf LIR&�. P :R& X Ey(

$z0e�ENLIE cs f�pv@y P E{W\v, X E sn f�U(t� x 2 X;

. fVn : n 2 Ng : x 6 X IM)E sn f�F Px = fP 2 P : 86 n 2 N , 5D Vn � Pg:

}q Px : x 6 X Iy($z0e�E
eh-\�$ Px #: x 6 X IE sn f�9

86 x 6 X IEGh- G, 5D Px IEt�.S#�( G I��

fF 2 P : x 2 F � Gg = fFm : m 2 Ng;

}qt� Vn 6� Fm: �Q xnm 2 VnnFm: U( n � m; j yk = xnm, �I k = m+
n(n�1)

2 ;

9
e fykg >_( x; (:86 m; i 2 N; 5D fyk : k � ig � Fm: � k � i, 5DU({

p n � m $ yk = xnm; }q xnm 2 Fm; pV�7X�[fPx : x 2 Xg : X ENLIE sn

f� (3) ,]�

l [17] :6� k f� cs fE��u@ydn 1(1). dn 1(2) PQJ�:ck2�

Tanaka[6] EnX�Xdn 1(3) d{cl [12] EuG4~	R& X B$NLI&�@�

:@ X :B$NLI cs fE
eR&�#�$�WR&`�( S!:

� 1 Gruenhage, Michael � Tanaka[16] @ycU(R& X; uG\+|�G%	

(1) X $NLI��

(2) X $NLIim P , 5D"~ x 2 U 2 � , 986 F 2 P<! $

x 2 ([F)0 � [F � U � x 2 \F :

$s. X :?9R&�9Rv�G%(



6 � gB���a��z) D. Burke � E. Michael F�qRZ 713

(3) X : k R&�$NLIim P , 5D"~ x 2 U 2 �; 986 F 2 P<! $

x 2 ([F)0 � [F � U:

�X X $NLIimo[ (B)6) X $NLI cs f�#l [8, \ 2.9.27], 86#B$

NLI cs fE?9R& X :$NLI k fE gf LIR&�#QY 1, X B$NLIi

mo[ (B).

t 1 (1) X $NLI sn f 6) X $NLI k f�\"�<9 �N:

(2) X  $NLIimo[ (A) '$NLI k f 6) X $NLI cs� f�#l [18,

\ 4.3], �0�e
R& X :L�LIE T2 R&�$NLI k f�?:#B$NLIE

cs� f�=3 X B$NLIimo[ (A). =�yQY 1 �U 1 IR&E?9�:�#L

+E�

(3) X $NLI cs f 6) X $NLIimo[ (A); \"R& S!:

(4) X $NLI k f 6) X $NLI cs� f�� X $NLIimo[ (A); \"R&

S!1 :

(5) X $NLI csf�#�$�WR&`�( S! 6) �X #�$�WR&`�( S!;

\"l [12, \ 3.19] IER& T:

�� �lE�&c�!�YL�`<E"8knl [19], U(A0O&,2CE

y���S�CA�7J�En��

c � p � } � �

[ 1 ] Gruenhage, G., Generalized metric spaces [C], In: Kunen, K., Vaughan, J. E. eds.

Handbook of Set-theoretic Topology, Amsterdam, North-Holland, 1984, 423{501.

[ 2 ] Gruenhage, G., Generalized metric spaces and metrizability [C], In: Hu�sek M, van

Mill J eds. Recent Progress in General Topology, Amsterdam, North-Holland, 1992,

239{274.

[ 3 ] Burke, D. K. & Michael, E. A., On certain point-countable covers [J], Paci�c J. Math.,

64(1976), 79{92.

[ 4 ] Filippov, V. V., Quotient spaces and multiplicity of a base [J], Mat Sb, 80(1969), 521{

532 (Math. USSR Sb,9(1969), 487{496)(in Russian).

[ 5 ] Burke, D. K. & Michael, E., On a theorem of V. V. Filippov [J], Isreal J. Math.,

11(1972), 394{397.

[ 6 ] Liu Chuan & Tanaka, Y., Spaces having compact-�nite k-networks, and related matters

[J], Topology Proc., 21(1996), 173{200.

[ 7 ] Nogura, T. & Shibakov, A., Sequential order of product spaces [J], Topology Appl.,

65(1995), 271{285.

[ 8 ] fA, {�TbR&* , [M], �=�J/�-� 1995.

[ 9 ] Franklin, S. P., Spaces in which sequences suÆce [J], Fund. Math., 57(1965), 107{115.

[10] Franklin, S. P., Spaces in which sequences suÆce II [J], Fund. Math., 61(1967), 51{56.

[11] Yan Pengfei & Lin Shou, Point-countable k-networks, cs�-networks and �4-spaces [J],

Topology Proc., 24(1999), 321{330.



714 J�Æ���H 22 D A �

[12] Lin Shou, A note on the Arens' space and sequential fan [J], Topology Appl., 81(1997),

185{196.

[13] Arhangel'skii, A. V., The frequency spectrum of a topological space and the classi�ca-

tion of spaces [J], Soviet Math. Dokl., 13(1972), 265{268.

[14] Nogura, T., The product of h�ii-spaces [J], Topology Appl., 21(1985), 251{259.

[15] Mi�s�cenko, A. S., Spaces with a pointwise denumerable bases (in Russian) [J], Dokl Akad

Nauk SSSR, 145(1962), 985{988(Soviet Math. Dokl., 3(1962), 855{858).

[16] Gruenhage, G. & Michael, E. A. Tanaka, Y., Spaces determined by point-countable

covers [J], Paci�c J. Math., 113(1984), 303{332.

[17] Liu Chuan & Dai Mumin, g-metrizability and S! [J], Topology Appl., 60(1994), 185{

189.

[18] fA, {�TbR&* ,E?9� [J], �Æ��� (�����), 11:4(1999),

241{247.

[19] fA, NLIim*
eim , [D], �P�>/<� 2000.

ON A THEOREM OF D. BURKE AND E. MICHAEL

LIN Shou* YAN Pengfei**

�Department of Mathematics, Fujian Normal University, Fuzhou 350007, China.

E-mail: linshou@public.ndptt.fj.cn

��Department of Mathematics, Anhui University, Hefei 230039, China.

Abstract

The authors introduce two properties of families of sets by Burke-Michael condition,

analyze the relations among the properties, cs�-networks, and wcs�-networks, and answer

the following question posed in 1996 by C. Liu and Y. Tanaka in Topology Proceedings: Let

X be a k-space with a �-point-�nite k-network, if X contains no closed copy of S!, then is

X a gf -countable space?

Keywords Point-countable covers, cs�-networks, wcs�-networks, S!; gf -countable
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